There exists a bijection between the configuration space of a linear pentapod and all points (u, v, w, p x , p y , p z ) ∈ R 6 located on the singular quadric Γ : u 2 +v 2 +w 2 = 1, where (u, v, w) determines the orientation of the linear platform and (p x , p y , p z ) its position. Then the set of all singular robot configurations is obtained by intersecting Γ with a cubic hypersurface Σ in R 6 , which is only quadratic in the orientation variables and position variables, respectively. This article investigates the restrictions to be imposed on the design of this mechanism in order to obtain a reduction in degree. In detail we study the cases where Σ is (1) linear in position variables, (2) linear in orientation variables and (3) quadratic in total. The resulting designs of linear pentapods have the advantage of considerably simplified computation of singularity-free spheres in the configuration space. Finally we propose three kinematically redundant designs of linear pentapods with a simple singularity surface.
Introduction
A linear pentapod (cf. Fig. 1 ) is defined as a five degree-of-freedom (DOF) linebody component of a Gough-Stewart platform consisting of a linear motion platform with five identical spherical-prismatic-spherical (SPS) legs, where the prismatic joints are active and the rest are passive [1] . The pose of is uniquely determined by a position vector p ∈ R 3 and an orientation given by a unit-vector i ∈ R 3 . The coordinate vector m j of the platform anchor point m j of the j-th leg is defined by the equation m j = p + r j i and the base anchor points M j of the j-th leg has coordinates M j = (x j , y j , z j ) T for j = 1, . . . , 5.
It turns out that this kind of manipulator is an interesting alternative to serial robots handling axis-symmetric tools. Some fundamental industrial tasks such as 5-axis milling, laser engraving and water jet cutting are counted as its applications in industry [2, 3] .
Singularity analysis plays an important role in motion planning of parallel manipulators. Special configurations referred to as kinematic singularities have always been central in mechanism theory and robotics. Beside being an intellectually appealing topic, the study of kinematic singularities provides an insight of major practical and theoretical importance for the design, control, and application of robot manipulators.
In such singularities, the kinetostatic properties of a mechanism undergo sudden and dramatic changes. This motivates the enormous practical value of a careful study and thorough understanding of the phenomenon for the design and use of manipulators.
Review
The singularity analysis of linear pentapods has undergone an acceptable level of investigations over the past few years. In the following we give an overview of the obtained results:
From the line-geometric point of view (cf. [4] ) a linear pentapod is in a singular configuration if and only if the five carrier lines of the legs belong to a linear line congruence [5] ; i.e. the Plücker coordinates of these lines are linearly dependent. From this latter characterization the following algebraic one can be obtained (cf. [6] ):
There exists a bijection between the configuration space of a linear pentapod and all points (u, v, w, p x , p y , p z ) ∈ R 6 located on the singular quadric Γ : u 2 + v 2 + w 2 = 1, where (u, v, w) determines the orientation of the linear platform and (p x , p y , p z ) its position. Then the set of all singular robot configurations is obtained as the intersection of Γ with a cubic hypersurface Σ of R 6 , which can be written as Σ : det(S) = 0 with (1) (according to [2] ) under the assumption that x 1 = y 1 = z 1 = r 1 = 0. Note that this assumption can always be made without loss of generality as the fixed/moving frame can always be chosen in a way that the first base/platform anchor point is its origin. Moreover, a rational parametrization of the singularity loci Γ ∩ Σ was given by the authors in [6] .
A singular configuration can also be characterized as a multiple solution of the direct kinematics problem. In this context it should be mentioned that the forward kinematics of a linear pentapod was solved for the first time in [7] under the assumption of a planar base, and in [8] for the general case. If the direct kinematics problem has a continuous solution, then the linear pentapod has a so-called self-motion. All designs of linear pentapods possessing such motions are listed in [8] . A more detailed study of the corresponding self-motions is performed in [9] . Moreover the last two cited papers also contain extensive literature reviews on this topic.
A further well-studied field within the singularity analysis of linear pentapods are designs, which are singular in any configuration. These so-called architecture singular designs are completely classified in [8, Section 1.3] , where also all relevant references in this context are cited.
Finally it should be noted, that Borràs and Thomas have studied how to move the leg attachments in the base and the platform of 5-SPS linear pentapod without altering the robot's singularity locus (for a planar base see [10] and for a non-planar one see [2] ).
Motivation and outline
Using a parallel manipulator with a simple singularity variety (with respect to the position variables) was first proposed by Karger [11] for the case of Stewart-Gough platforms 3 . This work was furthered in [12] and [13] , where the necessary conditions for the design of Stewart-Gough platforms with linear or quadratic singularity surface with respect to positioning variables are determined.
It can easily be seen that the equation of the cubic hypersurface Σ is only quadratic in position as well as in orientation variables. Therefore the intention here is to find necessary conditions for the linear pentapods such that det(S) = 0 is:
• linear in position variables (cf. Section 2),
• linear in orientation variables (cf. Section 3),
• quadratic in total (cf. Section 4).
Clearly, due to the degree reduction it becomes easier to obtain closed form information about singular positions. But the main motivation for our research is the computational simplification of singularity-free zones, for which the state of art is as follows:
In [6] it is proven that for a generic linear pentapod, the computation of the maximal singularity-free zone in the position/orientation workspace (with respect to the Euclidean/spherical metric) leads over to the solution of a polynomial of degree 6 In contrast the determination of the closest singular pose (cf. Fig. 2 -right) within the complete configurations space (with respect to an object oriented metric) leads across the solution of a polynomial of degree 80. Due to this high degree a computation in real time is not possible. Our first idea to scope with this problem was to relax the motion group from the Euclidean one to the group of equiform motions (similarity transformations), which is equivalent to omitting the normalizing condition Γ. Doing so, the degree drops to 28, which was demonstrated in the addendum of [14] and is displayed in Fig. 2 -right. As the obtained distance of the relaxed problem is less or equal to the distance of the original problem, it can be used as the radius of a guaranteed singularity-free hypersphere.
The designs computed in the Sections 2-4 imply a further degree reduction of the polynomials associated with the problem of determining singularity-free zones. This is demonstrated at the base of examples in Section 5. Finally, the paper is concluded (cf. Section 6) by proposing three kinematically redundant linear pentapods with a simplified singularity variety.
Before plunging into the computations behind the desired designs, clarifying the used notations seems necessary.
Notation and preparatory work
The following notations are used in the rest of the paper:
are introduced for the coordinates related to base anchor points.
• The compact notation r = (r 2 , r 3 , r 4 , r 5 ) T is used for the coordinates related to platform anchor points.
• The component-wise product of two vectors is given as follows:
• For the sake of simplicity in notation as well as interpretation, we use the bracket;
i.e.:
Furthermore, a proper definition for undesired designs or in another formidable word the architectural singularity seems necessary. Definition 1. An "architectural singularity" refers to a robot design that is singular in all of its configurations. A robot possessing an architectural singularity is called an "architecturally singular manipulator". we can identify such singularities by considering the rank deficiency of this matrix. Lemma 1. If the "architecture matrix" is rank deficient then the linear pentapod is an "architecturally singular manipulator".
Proof. Trivially if Eq. (4) is rank deficient then the determinant of Eq. (1), which is the singularity polynomial, vanishes. Remark 1. It is noteworthy that this is a sufficient but not necessary condition as it is well-known (cf. items (c) and (d) of Corollary 1 in [15] ) that there exist the following two 4 exceptional cases:
which are illustrated in Fig. 3 . 4 Up to renumbering of the platform and base anchor points.
Figure 3: Illustrations of the counter examples for the necessity of the condition given in Lemma 1.
Since in computational kinematics most of the computations are of symbolic type, and naturally expensive in the sense of time consumption, it will be highly favorable if we are able to eliminate some extra symbols. The following lemma shows that it is possible to alleviate the burden of extra symbols in computations to come: Proof. It is enough to show that there is a triangle where at least two of its corresponding platform points are not coinciding. First we claim that a triangle in the base always exists, as otherwise all five base points are collinear which yield a trivial architecture singular design. Now, since not all the platform points can collapse into a single point (if more than 3 platform anchor points coincide we get again a trivial architecture singular design) there should be at least two different points on the platform namely, m i and m j . Now name the corresponding base points M i and M j . If these two are not coincided then based on the first part of the proof it is possible to find another base point M k not co-linear with M i , M j and hence the statement is fulfilled.
Now, suppose such a triangle with m i = m j doesn't exist (see Based on this lemma one can assume M 1 = (0, 0, 0), M 2 = (x 2 , 0, 0) and M 3 = (x 3 , y 3 , 0) where x 2 y 3 = 0. Moreover due to m 1 = m 2 we can assume a scaling upon which, r 2 = 1 holds. Now the architecture matrix of Eq. (4) simplifies into the following:
With the aid of Lemma 2 and using projective geometry it is possible to obtain a simple but helpful geometric interpretation for architecturally singular linear pentapods later in the coming sections. In fact one can think of r, X and rX as points in the affine space R 3 and the remaining columns of Eq. (5) as points on the plane at infinity Ω ∞ , which closes R 3 projectively; i.e. the columns of Eq. (5) can be seen as homogenous point coordinates of the 3-dimensional projective space PR 3 .
Lemma 3. The "architecture matrix" is rank deficient iff the points r, X, Y, Z, rX, rY and rZ are co-planar in PR 3 .
Proof. A bracket defined in Eq. (3) vanishes if and only if the four points in the bracket are co-planar in PR 3 [16] . Now, the architecture matrix (a 4 × 7 matrix) is rank deficient whenever all 4×4 sub-matrices are of determinant zero. In another word the architecture matrix is rank deficient iff any four members of the set {r, X, Y, Z, rX, rY, rZ} are coplanar which happens if and only if these seven points are located on a common plane in PR 3 .
Finally the computation of each case is based on the elimination of determinants of unwanted sub-matrices of Eq. (1). These sub-matrices are named S j 1 ,..., j n i 1 ,...,i n where i 1 , . . . , i n indicates the numbers of the rows and j 1 , . . . , j n the numbers of the columns, which have to be deleted from the matrix given in Eq. (1); e.g. S 4,5,6 1,2,3 stands for the sub-matrix obtained by removing the 1st, 2nd and 3rd row and 4th, 5th and 6th column.
Linear in p x , p y and p z
In this section we determine all non-architectural singular designs, where the singularity polynomial det(S) = 0 is only linear in position variables. In the following we distinguish between linear pentapods with/without coplanar base anchor points (planar/non-planar case).
Planar case
Assume that the manipulator is planar (z 4 = z 5 = 0). Since the desired goal here is to have the linear singularity polynomial in position variables, all the terms containing position variables of degree two should be canceled. These terms form a polynomial, which we call the undesired polynomial through the remainder of the article. In a more general sense, the undesired polynomial is a polynomial which by subtracting it from det(S) yields a polynomial with the desired property (this property can be linearity in position/orientation variables or quadratic in total). Here the undesired polynomial is as follows:
If Eq. (6) Proof. Using Laplace expansion by minors, det S 7,4 1,2 is:
For all possible orientations, Eq. (7) holds whenever both bracket coefficients vanish. Again by considering the Laplace expansion by minors for det S respectively, one obtains:
As it is also desired to have these equations vanished for all possible orientations, the bracket coefficients should be equal to zero simultaneously. Hence, independently of all possible orientations, the following statement holds: det S 
Finally, based on Eq. (9) the necessary and sufficient condition for having a singularity polynomial linear in position variables will be:
Using the literature of bracket algebra available at [16, 17] these brackets vanish whenever the four points characterizing them are co-planar. We denote the planes associated with the two brackets of Eq. (10)-left and Eq. (10)-right by P 1 and P 2 , respectively. Then the following two cases have to be distinguished:
1. If the points r, X and Y are not co-linear (or in another word if the vectors r, X and Y are linearly independent) then the linear pentapod would be an architecturally singular manipulator since geometrically, by Lemma 3 this is equal to having the planes P 1 and P 2 coincided, as depicted in Fig. 5 -left.
2. If the points r, X and Y are co-linear (or in another word if the vectors r, X and Y are linearly dependent) then r ∈ span{X, Y}; i.e.
where α and β are real numbers. This results the affine coupling κ mentioned in Theorem 1, namely:
Geometrically, it is also worth mentioning that the planes P 1 and P 2 do not necessarily coincide in this case (as depicted in Fig. 5-right) . More than two platform points coincide.
Non-planar case
If the base points of the linear pentapod are not restricted to be positioned on a plane, the coordinates z 4 and z 5 can not vanish simultaneously. Making this assumption, the undesired polynomial reads as follows:
Again all sub-matrices appearing as the coefficients in Eq. (13) should become rank deficient.
Theorem 2. Non-architecturally singular linear pentapods with a non-planar base possessing a "singularity polynomial", which is linear in position variables, do not exist.
Proof. Eq. (13), independently of the position variables, gives det S 
[r, X, Z, rZ] = [r, X, Z, rX] = 0.
Now, it is possible to deduce the following:
as r, Y and Z are obviously linearly independent.
2. From Eq. (14)-right one derives: 
Now, using Eqs. (16) (17) (18) (19) , 4 out of 7 columns of the architecture matrix are linearly dependent and thus rank deficient:
3. Linear in u, v and w
In this section we determine all non-architecturally singular designs where the singularity polynomial det(S) = 0 is only linear in orientation variables. As in Section 2 we distinguish between linear pentapods with planar and non-planar bases. 
Planar case
Now, name the plane characterized by the points r, rX and rY as P 1 . If the points r, rX and rY are not co-linear then the plane P 1 is defined uniquely and hence by Eq. (22) X and Y are also on P 1 which by Lemma 3 results in a rank deficiency of the architecture matrix (cf. Fig. 6-left) .
On the other hand if the points r, rX and rY are co-linear then there is the possibility of having the points X and Y on two different planes, namely P 1 and P 2 as depicted in Fig. 6 -right, which does not necessarily lead to an architectural singularity. Under this assumption, we get r ∈ span{rX, rY}; i.e.
where α and β are real numbers with (α, β ) = (0, 0). Now having Eq. (23) in mind, the following possibilities arise (cf. Fig. 7 ):
1. ∀ i ∈ {2, ..., 5}, r i = 0. This yields:
Geometrically in this case, the point 1 = (1, 1, 1, 1) should always be on the line l defined by the two points X and Y. Moreover Eq. (24) gives:
which means the base points M 2 , M 3 , M 4 , M 5 , are collinear.
2. ∃! i ∈ {3, 4, 5} such that r i = 0. Geometrically this means that one of the points (1, 0, 1, 1) T ,(1, 1, 0, 1) T or (1, 1, 1, 0) T should be on l. Naturally this yields m 1 = m i and M j and M k are collinear with pairwise distinct i, j, k ∈ {3, 4, 5}.
Non-planar case
Based on the desired non-planarity condition (z 4 = 0 or z 5 = 0) and linearity in orientation variables the undesired polynomial is as follows: det S 
which implies an architecturally singular manipulator.
Quadratic
In this section we study linear pentapods where the singularity polynomial is only quadratic in total. Unfortunately we are only able to report the following negative result:
Theorem 5. Non-architecturally singular linear pentapods possessing a singularity polynomial, which is quadratic in pose variables, do not exist.
Proof. We can separate the proof into two parts: planar case and non-planar case.
The undesired polynomial in the planar case (z 4 = z 5 = 0) of quadratic singularity polynomial is: det S 
Again by resorting to Lemma 3, Eq. (37) and Eq. (38) we obtain X, rX, rY, rZ ∈ {r, Y, Z}, which naturally leads to an architectural singularity.
Distance to singularity variety
In this section we compute singularity-free zones for linear pentapods with a simple singularity variety studied in Section 2.1 and Section 3.1 respectively. We assume that the manipulator is always given in a non-singular pose G = (g 1 , . . . , g 6 ) ∈ R 6 .
Linear in position variables
The architecture matrix of the linear pentapod used in the following examples is: where α = −2 and β = 2 in Eq. (11). Moreover we consider the non-singular pose G = ( 
Fixed orientation case
We ask for the closest singular configuration O having the same orientation (g 1 , g 2 , g 3 ) as the given pose G. The distance to the singularity pose with respect to (g 4 , g 5 , g 6 ) is computed according to the ordinary Euclidean metric. The singularity polynomial is linear in position variables and under fixed orientation condition it will be a plane passing through the origin in position space R 3 . Naturally, there will be only one pedal point (cf. Fig. 8-left ) and hence the number of solutions in this case will only be one. Moreover O = ( Fig. 9 -left.
Fixed position case
Now we ask for the closest singular configuration P, which has the same position (g 4 , g 5 , g 6 ) as the given pose G. In this case the distance to the singularity curve with respect to (g 1 , g 2 , g 3 ) is computed according to the Riemannian distance s on the sphere.
Under the fixed position the singularity polynomial factors into two planes in R 3 :
where the design variables are encoded in the coefficients A i . As a consequence the singular orientations are obtained as the intersection of these two planes with the unit-sphere, which is given by the normalizing condition Γ. One of these planes always passes through the center of the sphere and hence the intersection is a great circle. For the second plane different cases can occur: Table 1 . Moreover P = (0.1266, 0.815, 0.5653, 1, 2, 3) is illustrated in Fig. 9-left. Remark 4. It should be noted that if the given non-singular orientation is normal to one of the planes intersecting the unit-sphere, then there exists an infinite number of pedal points. Table 1 : The 4 real solutions in ascending order with respect to the spherical distance s to the given orientation.
General case
The general case deals with mixed (translational and rotational) DOFs, thus the question of a suitable distance function arises. As the configuration space C equals the space of oriented line-elements, we can adopt the object dependent metrics discussed in [19] as follows:
where L and L are two configurations and m j and m j denote the coordinate vectors of the corresponding platform anchor points. This metric has already been used in [6] for the mechanical device at hand. With respect to this metric d we can compute the closest singular configuration M to G in the following way: We determine the set of pedal-points on the singularity variety with respect to G as the variety V (
) where λ 1 and λ 2 are the Lagrange multipliers of the Lagrange equation:
Note that here F is the singularity polynomial linear in position variables, obtained from Theorem 1. Considering the example of the design parameters indicated in Eq. (39), there are 10 solutions out of which 6 are real 6 .
After solving
} for {p x , p y , p z } and substituting the values obtained into the rest of the equations of the system, we can use the Gröbner basis method to solve the new system for the remaining variables. Using the order w > v > u > λ 2 > λ 1 one of the Gröbner basis generators solely depends on λ 1 while the rest depend on λ 1 and another orientation variable or λ 2 , respectively. Based on this elimination technique the following table is obtained: The first row in Table 2 corresponds to the global minimizer M illustrated in Fig. 9 -right, which has position variables p x = 1.42386285, p y = 1.69623807 and p z = 3.11364494.
General case without normalizing condition
We can simplify the problem by considering equiform transformations of the linear platform , which is equivalent to the cancellation of the normalizing condition Γ. It turns out that for this reduced set of equations only 3 pedal points exit over C.
For the example under consideration the computations can be done in the same way as in Section 5.1.4 with the sole difference that λ 1 is now absent. We end up with the following table: The first row in Table 3 corresponds to the global minimizer N illustrated in Fig.  9 -right, which has position variables p x = 1.36501824, p y = 1.63498176 and p z = 3.03249538.
Linear in orientation variables
The architecture matrix of the linear pentapod used in the following examples is: where α = β = 1 in Eq. (23). Moreover we consider the non-singular pose G = ( 
Fixed orientation case
Once again we ask for the closest singular configuration O having the same orientation (g 1 , g 2 , g 3 ) as the given pose G. The distance to the singularity pose with respect to (g 4 , g 5 , g 6 ) is computed according to the ordinary Euclidean metric. Under fixed orientation condition it is revealed that the singularity polynomial is factored to:
where again the design information is encoded in coefficients B i . For each of the two planes in position space R 3 we can compute the pedal point with respect to the given pose (cf. Fig. 10-left) . The closer pedal point implies O = ( 
Fixed position case
Now we ask again for the closest singular configuration P, which has the same position (g 4 , g 5 , g 6 ) as the given pose G. As the singularity polynomial is linear in orientation variables and does not possess an absolute term, the singularity loci is a great circle for the fixed position case. If the given orientation differs from the pole of the great circle, then there exist two pedal points (otherwise infinitely many).
The results for the example at hand are illustrated in Fig. 10 -right and the pose P = (0.11346545, 0.47007115, 0.87530491, 1, 2, 3) is displayed in Fig. 11 -left.
General Case
Similar computations as in Section 5.1.3 show that there are again 10 solutions out of which 6 are real. They are given in the following table: Table 4 : The 6 real solutions in ascending order with respect to the distance d from G.
The first row in Table 4 corresponds to the global minimizer M illustrated in Fig. 11 -right, which has position variables p x = 1.35978906, p y = 2.34492506 and p z = 2.57706069.
General case without normalizing condition
Similar computations as in Section 5.1.4 show again that the number of solution reduces to three. For the example at hand all three are real and read as follows: The first row in Table 5 corresponds to the global minimizer N illustrated in Fig.  11 -right, which has position variables p x = 1.36986410, p y = 2.36986410 and p z = 2.61205791. 
Conclusions
In this paper we computed linear pentapods with a simplified singularity variety. In detail we determined all non-architecturally singular designs where the singularity polynomial is
We demonstrated in Section 5 that these designs imply a degree reduction of the polynomials associated with the problem of determining singularity-free zones. Especially the closest singular configurations under equiform motions (cf. Sections 5.1.4 and 5.2.4) are of interest, as they can be computed in closed form. Therefore their deeper study is dedicated to future research.
Finally we conclude the paper by presenting three kinematic redundant designs of linear pentapods with a simple singularity variety. The designs proposed in Sections 6.1 and 6.2 have two dofs of kinematically redundancy and the design given in Section 6.3 has even three kinematic redundant dofs.
Design 1
This design, displayed in Fig. 12 , is based on the idea to change the coefficient β of the affine coupling κ given in Eq. (12) by a reconfiguration of the base. This can be achieved by a suitable sliding of the base points. The fibers of the singular affine transformation κ from the base plane to the platform correspond to parallel lines in the base plane. It is well known (cf. Section 4.3 of [18] ) that a reconfiguration of a base point along its corresponding fiber does not change the singularity variety. Therefore it suggests itself to mount the sliders orthogonal to the fiber-direction. This sliding gives the first degree of kinematical redundancy.
Remark 6. The linear pentapod given in Fig. 12 has been designed in a symmetric way, such that the sliders of M i and M i+1 (for i = 2, 4) have to move with the same velocity (but in opposite directions). Note that one can drive all sliders of M 2 , . . . , M 5 with only one motor and a fixed gearing, as the ratio of the velocities of the sliders of M 2 and M 4 is constant.
Moreover it can easily be checked, that the symmetric design proposed in Fig. 12 , can never be architecturally singular in practice.
The second degree of kinematic redundancy is achieved by the sliding of the first base point in fiber-direction. As already mentioned this will not affect the singularity surface, but it can be used to increase the performance of the manipulator during an end-effector motion. 
Design 2
This design, based on item 1 of Theorem 3 and displayed in Fig. 13 , is also a 2-dof kinematically redundant pentapod with planar base, which has the property that its singular polynomial is linear in orientation for all possible configurations. The base points M 2 , . . . , M 5 are collinearly mounted on a rod g, which slides (active joint) along a circular rail on the ground and is connected over a U-joint (passive joint) with the ceiling. Therefore the rod g generates during the motion a right circular cone.
For a better understanding of the redundant dofs, we have a look at the singularinvariant replacement of legs keeping the given platform anchor points:
As this linear pentapod contains a line-line component (cf. [20] ), one can relocate the base anchor points of the legs m 2 M 2 , . . . , m 5 M 5 arbitrarily on g (assumed that the resulting manipulator is not architecturally singular).
Remark 7.
One can additionally allow a sliding (by active joints) of the base points along the rod g (yielding further degrees of kinematical redundancy) but this will not change the singularity variety. These reconfigurations can only be used to improve the performance of the manipulator.
The base point of the first leg can be replaced by any point of the plane spanned by M 1 and g (assumed that the resulting manipulator is not architecturally singular). Therefore a sliding of M 1 along the circular rail changes the singularity variety.
Design 3
This design, based on item 2 of Theorem 3 and displayed in Fig. 14, is a 3 -dof kinematically redundant pentapod with planar base, which has the property that its For a better understanding of the redundant dofs, we study again the singularinvariant replacements of legs keeping the given platform anchor points:
One can relocate the base anchor points of the legs m 3 M 3 , m 4 M 4 , m 5 M 5 arbitrarily on g (assumed that the resulting manipulator is not architecturally singular). Therefore also Remark 7 holds in this context. The base points of the first and second leg can be replaced by any two points of the carrier plane of the circular rail (assumed that the resulting manipulator is not architecturally singular). As a consequence the sliding of M 1 and M 2 along the circular rail does not change the singularity variety. Therefore these two redundant dofs can only be used to improve the performance of the manipulator.
Remark 8. Finally it should be noted that a design, based on item 3 of Theorem 3, is not suited for technical realization due to the triple joint at the platform. 
